We show how the presence of inversion symmetry in a one-dimensional (1D) lattice model is not a sufficient condition for a quantized Zak's phase. This is only the case when the inversion axis is at the center of the unit cell. When the inversion axis is not at the center, the modified inversion operator within the unit cell gains a k-dependence in some of its matrix elements which adds a correction term to the usual Zak's phase expression 1 , making it in general deviate from its quantized value. A general expression that recovers a quantized Zak's phase in a lattice model with a unit cell of arbitrary size and arbitrarily positioned inversion axis is provided in this paper, which relates the quantized value with the eigenvalues of a modified parity operator at the inversion invariant momenta.
We show how the presence of inversion symmetry in a one-dimensional (1D) lattice model is not a sufficient condition for a quantized Zak's phase. This is only the case when the inversion axis is at the center of the unit cell. When the inversion axis is not at the center, the modified inversion operator within the unit cell gains a k-dependence in some of its matrix elements which adds a correction term to the usual Zak's phase expression 1 , making it in general deviate from its quantized value. A general expression that recovers a quantized Zak's phase in a lattice model with a unit cell of arbitrary size and arbitrarily positioned inversion axis is provided in this paper, which relates the quantized value with the eigenvalues of a modified parity operator at the inversion invariant momenta. The topological characterization of 1D lattice models relies on the calculation of the sum of the so-called Zak's phase 1 γ over all occupied bands. (Non-)trivial models yield γ = (π)0 mod(2π). These values of γ can be confirmed by calculating the Wannier centers for each band and also by looking into the parity of the states at the middle and edge of the bands. Essential to this latter argument is the fact that the inversion operation on Bloch states of a 1D model, in what concerns the action within the unit cell, can be represented by an unitary operator π which is independent of the unit cell and therefore is independent of the Bloch state momentum k 2 .
Here we show that, in 1D models with k-dependent inversion (I) symmetry within the unit cell, a correction term has to be added to the Zak's phase in order to preserve its quantization. This follows from the fact that the inversion operator can not be written aŝ Π |v j (k) =Π |k ⊗ |u j (k) = | − k ⊗π |u j (k) withπ independent of k, where |v j (k) is the eigenvector of band j of a periodic chain, factorized as the product of a Bloch plain wave |k and the eigenstate |u j (k) of the k-space bulk Hamiltonian. More specifically, in these models, it is never possible to choose a unit cell such that the inversion symmetry maps each unit cell onto a single unit cell, as is usually assumed 3, 4 .
A convenient way to compute the Zak's phase in band j is through the Wilson loop,
where we have set the momentum increment to ∆k = 2π N , with N the number of sites in the periodic chain. In the continuous limit (N → ∞, ∆k → 0), the Zak's phase of band j becomes
= Arg lim
where d k is the k derivative and δφ n is the phase of element n in the Wilson loop of (1). The above expressions are quantized as γ j = 0, π, in the cases where there is a k-independentπ, such as for the Su-Schrieffer-Heeger (SSH) model 5 shown in Fig. 1(a) . The condition for a k-independentπ is that the inversion axis is at the center of the considered unit cell. When there are several possible unit cells with different positions for the inversion axis, as in the model of Fig. 1(b) , one usually chooses the unit cell where this axis is centered [the first one in Fig. 1(b) ] to compute the Zak's phase. There are models, however, where this condition is not met for any choice of the unit cell, as demonstrated in the case of Fig. 1(c) . For the unit cell considered there, the inversion operation within the unit cell, about site C, is given bŷ
This inversion operator is not Hermitian. Also, in consecutive k points the following relation holds, for infinitesimal ∆k → dk,
where1 is the identity operator. For models with kindependentπ, this operator is hermitian and the second (a) term in the right hand side of (6) does not appear. Eigenstates with opposite momenta are related by the inversion operator within the unit cell as |u j (−k) = e iθ kπ k |u j (k) , for all k = 0, π, where e iθ k is an arbitrary phase factor that we take out for convenience from now on since they will appear as conjugate pairs in the Wilson loop 2 . Using this last relation, together with (6), we arrive at
for dk < k < π. In the last step we assumed, to lead-
However, different relations hold for the I-symmetric momenta Λ = 0, π, where |u j (−π) ≡ |u j (π) , 
The modified parity of the corresponding eigenstates is well defined, that is,π 0 |u j (0) = P 0 |u j (0) and π π |u j (π) = P π |u j (π) , with P 0 , P π = ±1.
The procedure now is to substitute (7-10) in the computation of the Wilson loop in (3) to obtain the following simplified expression for the Zak's phase,
which is in general non-quantized due to the last term. The last term in (10), with a positive sign, was disregarded as an infinitesimal surface term. In Fig. 1(d) , we show a similar model of a chain with four sites per unit cell (we switched one of the t 2 hoppings for another t 1 ) which has, as in Fig. 1(b) , a given choice for the unit cell where the inversion axis is centered, and therefore one recovers the usual quantized Zak's phase for this choice. General case. We now generalize the previous results for the case of an arbitrary unit cell, both in size and morphology (regarding the hoppings parameters), of uniformly spaced sites with an inversion axis at an arbitrary position, as illustrated in Fig. 2 
yielding the usual quantized Zak's phase. A k-dependence in the inversion operator appears for m = 0. When the inversion axis is at the right of the center of the unit cell, m > 0, the general form of the operator is given bŷ
The model in Fig. 1(c) , with the inversion operator of (5), corresponds to the particular case of N = 4 and m = 1. On the other hand, when the inversion axis is at the left of the center of the unit cell, m < 0, the general form of the operator is given bŷ
If, in the model of Fig. 1(c) , we choose site A instead of C as the inversion center, it would correspond to N = 4 and m = −3. For any m = 0, the Zak's phase is readily obtained by a generalization of (12)
(16) A π-quantized Zak's phase in each band,γ j , can still be recovered by adding the correcting term to the usual definition of the Zak's phase [adding the sum term in (16) to (2)] or, conversely, simply by looking at the parity of the eigenstates at the I-symmetric momenta [the first term in the right-hand side of (16)], that is, the eigenvalues of the modifiedπ k operator at those points. The expression forγ j is therefore given by
which agrees withγ
for all m. We applied these corrected expressions for the Table I . Values of the corrected Zak's phaseγj of band j, calculated from (18), for each the three bands of the t1t1t2 model of Fig. 1(b) , considering each inversion axis of each unit cell for different t dimerizations. Bands are ordered by decreasing energy, with 1 being the highest energy band and 3 the lowest energy band. The value of P j Λ , the parity value of the eigenstate of band j at the I-symmetric momenta Λ = 0, π for the modified parity operator of the correspondent axis and unit cell, is also provided. Signs ± stand for ±1. The values of γj are consistent with those calculated from (19) using these tabulated modified parity values.
Zak's phase to the three band model of Fig. 1(b) . The results are condensed in Table I . For all cases considered there, we see a π-shift only in the Zak's phase of bands 1 and 3 when the dimerization is reversed (t = 0.5 ↔ t = 2, with t = t2 t1 ). These are the bands that loose a state when the topological edge states appear, with symmetric energies and localized at the gaps between bands 1/3 and band 2. On the other hand, the Zak's phase of all bands shifts π when one considers the other inversion axis in a given unit cell for the same choice of hopping constants. This comes as a consequence of the fact that
where |u j (k) is normalized and the indices 1 and 2 stand for the different choices of inversion axis in a unit cell, with axis 2 at the right of axis 1, as in Fig. 1(b) . The topological transition in the SSH model of Fig. 1(a) , where the Zak's phase of both bands changes π when crossing t = t2 t1 = 1, can also be understood from the point of view of (20). In fact, in the SSH model, a change in the dimerization, associated with an exchange of the hopping parameters (t 1 ↔ t 2 ), is formally equivalent to a change from one inversion axis to the other for the same dimerization. This equivalence also holds for the t 1 t 1 t 2 t 2 model of Fig. 1(c) .
Model tγ1γ2γ3γ4 P Table II . Same as in Table I for the t1t1t2t2 and t1t1t1t2 models. The unit cells and inversion axes considered are those of Fig. 1(c) and Fig. 1(d) , respectively.
The corrected Zak's phases and modified parity values at the I-symmetric momenta for the two four bands models of Fig. 1(c) and Fig. 1(d) are shown in Table II . The presence of edge states which, similarly to the t 1 t 1 t 2 model of Table I , is a consequence of the topological transition of the higher and lower energy bands (bands 1 and 4, respectively), was verified numerically for both cases. For the inversion axis considered for the t 1 t 1 t 1 t 2 model of Fig. 1(d) one recoversγ j = γ j , since the inversion axis is centered (the same goes for the A1 entry in Table I ).
The t 1 t 1 t 2 t 2 model, however, is different from the others consider here, in the sense that it has no unit cell with a centered inversion axis. Therefore, the topological characterization of models such as this is determined by the modified Zak's phaseγ j .
Conclusion. We have studied 1D lattice models with inversion symmetry and have shown that, when the inversion axis is not at the center of a unit cell, the topological phase has a non-quantized Zak's phase. We identified this deviation from a π-quantized Zak's phase with a correction term that has to be included in its calculation. This correction term comes as a consequence of the k-dependence of the inversion operator that acts within the unit cell. A modified expression for the Zak's phase, yielding π-quantized values regardless of the position of the inversion axis within the unit cell, can be written simply by adding the correction term to the usual definition of the Zak's phase. The modified expression for the Zak's phase can therefore be used as a topological invariant quantity for any 1D system with inversion symmetry.
Our results can be straightforwardly generalized to quasi-1D models (such as diamond chains) and ribbons with non-centered axes of inversion symmetry within the unit cell.
